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A level Add-Ins

A selection of ideas – all quick and easy to teach - that are outside the A 

level Mathematics specification but complement the maths in A level and 

provide students with new insights and a bigger picture.



Equation of a line Heron’s Formula Avoiding awkward differentiation Linear approximation

Tangent half-angle substitution The cubic formula Descartes’ Rule of Signs



Equation of a line



𝑦 = 𝑚𝑥 + 𝑐

𝑦 − 𝑦1 = 𝑚 𝑥 − 𝑥1

𝑦−𝑦1

𝑦2−𝑦1
=

𝑥−𝑥1

𝑥2−𝑥1

𝑥

𝑎
+

𝑦

𝑏
= 1
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ln 21 − 𝜃

3.676
+

𝑡

19.98
= 1

ln 21 − 𝜃 = −
3.676

19.98
𝑡 + 3.676



Red + Blue = Total  

1

2
× 6 × 𝑥 +

1

2
× 4 × 𝑦 =

1

2
× 4 × 6

3𝑥 + 2𝑦 = 12

𝑥

4
+

𝑦

6
= 1



Heron’s Formula





2𝑎𝑏𝑐𝑜𝑠𝐶 = 𝑎2 + 𝑏2 − 𝑐2 2𝑎𝑏𝑠𝑖𝑛𝐶 = 4∆

2𝑎𝑏 2 = 𝑎2 + 𝑏2 − 𝑐2 2 + 16∆2

2𝑎𝑏 + 𝑎2 + 𝑏2 − 𝑐2 2𝑎𝑏 − 𝑎2 + 𝑏2 − 𝑐2 = 16∆2

𝑎 + 𝑏 2 − 𝑐2 𝑐2 − 𝑎 − 𝑏 2 = 16∆2

𝑎 + 𝑏 + 𝑐 𝑎 + 𝑏 − 𝑐 𝑐 + 𝑎 − 𝑏 𝑐 − 𝑎 + 𝑏 = 16∆2

2𝑠 2𝑠 − 2𝑐 2𝑠 − 2𝑏 2𝑠 − 2𝑎 = 16∆2

∆2= 𝑠 𝑠 − 𝑐 𝑠 − 𝑏 𝑠 − 𝑎
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∆= 𝑠 𝑠 − 𝑐 𝑠 − 𝑏 𝑠 − 𝑎 = 10 10 − 9 10 − 7 10 − 4 = 6 5



https://www.geogebra.org/m/u4zbvpjk 

https://www.geogebra.org/m/u4zbvpjk


https://www.geogebra.org/m/b6sbq8ys 

https://www.geogebra.org/m/b6sbq8ys


Avoiding awkward 

differentiation
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𝑥2 − 4𝑐𝑥 + 2𝑐3 = 0

16𝑐2 = 8𝑐3

𝑐 = 0 … !

𝑐 = 2: 𝑥 − 4 2 = 0 ֜ 4,2  

8c2 𝑐 − 2 = 0
𝑦 = 𝑐
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𝑥2 + 𝑐 − 1 𝑥 + 𝑐2 − 1 = 0

𝑐 − 1 2 = 4 𝑐2 − 1

𝑐 − 1 = 4 𝑐 + 1 ֜ 𝑐 = −
5

3
𝑐 = 1

𝑥 = 0: 0,1
𝑥 −

4

3

2

= 0: 
4

3
, −

5

3

Repeated roots:

𝑦 = 𝑐
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𝑐 =
1 − 𝑥2

1 + 𝑥2 2

𝑐 𝑥2 2 + 2𝑐 + 1 𝑥2 + 𝑐 − 1 = 0

2𝑐 + 1 2 = 4𝑐 𝑐 − 1

4𝑐 + 1 = −4𝑐

𝑐 = −
1

8

𝑦 = 𝑐
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𝑐 =
𝑥2 + 10

2𝑥 + 5

𝑥2 − 2𝑐𝑥 + 10 − 5𝑐 = 0

4𝑐2 = 4 10 − 5𝑐

𝑐2 + 5𝑐 − 10 = 0

𝑐 =
−5 ± 65

2

𝑦 = 𝑐



Linear approximation



Linear Approximation

𝑥 − 2 3 = 𝑥3 − 6𝑥2 + 12𝑥 − 8

6 𝑥 − 2 2 = 6𝑥2 − 24𝑥 + 24

𝑥 − 2 3 + 6 𝑥 − 2 2 = 𝑥3 − 12𝑥 + 16

𝑦 = 𝑥3 = 𝑥 − 2 3 + 6 𝑥 − 2 2 + 12𝑥 − 16
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𝑥 − 4 2 + 𝑦 + 1 2 = 132

𝑥2 − 8𝑥 + 𝑦2 + 2𝑦 = 152

𝑥 − 9 2 + 10𝑥 − 81 + 𝑦 − 11 2 + 24𝑦 − 121 = 152

𝑥 − 9 2 + 𝑦 − 11 2 + 10𝑥 + 24𝑦 = 354



Tangent half-angle 

substitution



t=tan(x/2) substitution

𝑡 = tan
𝑥

2
 ֜

 

d𝑡

d𝑥
=

1

2
sec2

𝑥

2
=

1

2
1 + 𝑡2

sin
𝑥

2
=

𝑡

1+𝑡2
, cos

𝑥

2
=

1

1+𝑡2

sin 𝑥 =
2𝑡

1+𝑡2 , cos 𝑥 =
1−𝑡2

1+𝑡2
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3 − 3𝑡2 + 8𝑡 + 6 + 6𝑡2

3 − 3𝑡2 + 8𝑡 − 1 − 𝑡2 = 4

19𝑡2 − 24𝑡 + 1 = 0

𝑡 = 𝑡𝑎𝑛𝑥 =
12 ± 5 5

19



Example 

= ׬
1

1−𝑡2

1+𝑡2

×
2

1+𝑡2 d𝑡 ׬ = 
2

1−𝑡2 d𝑡

= ln
1 + 𝑡 2

1 − 𝑡2
+ 𝑐

= ln
1 + 𝑡2

1 − 𝑡2
+

2𝑡

1 − 𝑡2
+ 𝑐

= ln sec 𝑥 + tan 𝑥 + 𝑐

= න
1

1 + 𝑡
+

1

1 − 𝑡
d𝑡

= ln 1 + 𝑡 − ln 1 − 𝑡 + 𝑐

= ln
1 + 𝑡

1 − 𝑡
+ 𝑐

= ln
1 + tan

𝑥
2

1 − tan
𝑥
2

+ 𝑐

න
1

cos 𝑥
d𝑥



Example 

׬ =
1

𝑡
d𝑡

= ln 𝑡 + 𝑐

= ln tan
𝑥

2
+ 𝑐

= ln
1 + 𝑡2 − 1 − 𝑡2

2𝑡
+ 𝑐

= ln cosec 𝑥 − cot 𝑥 + 𝑐

 

׬
1

sin 𝑥
d𝑥

= න
1

2𝑡
1 + 𝑡2

×
2

1 + 𝑡2
d𝑡



The cubic formula



The cubic formula

2 3 2 3
3 3 3

2 4 27 2 4 27

n n m n n m
x mx n x+ =  = + + − − + +



𝑡3 ≡ 𝑢3 +

𝑡 − 𝑢 3 + 3𝑡𝑢 𝑡 − 𝑢  ≡ 𝑡3 − 𝑢3

𝑥3  +  𝑚𝑥 =  𝑛

𝑚 = 3𝑡𝑢
𝑛 = 𝑡3 − 𝑢3 𝑛 = 𝑡3 −

𝑚

3𝑡

3

𝑡3 2 − 𝑛 𝑡3 −
𝑚

3

3

= 0

𝑡3 =
𝑛 + 𝑛2 + 4

𝑚
3

3

2 
=

𝑛

2
+

𝑛

2

2

+
𝑚

3

3

𝑢3 = −
𝑛

2
+

𝑛

2

2

+
𝑚

3

3

𝑥 = 𝑡 − 𝑢 =
3 𝑛

2
+

𝑛

2

2

+
𝑚

3

3

−
3

−
𝑛

2
+

𝑛

2

2

+
𝑚

3

3

𝑡 − 𝑢 3 + 3𝑡𝑢 𝑡 − 𝑢



Example

𝑥3 + 3𝑥2 + 15𝑥 − 17 = 0
𝑥 + 1 3 = 𝑥3 + 3𝑥2 + 3𝑥 + 1

𝑥 + 1 3 + 12 𝑥 + 1 − 30 = 0

𝑋3 + 12𝑋 = 30

𝑋 =
3

15 + 225 + 64 −
3

−15 + 225 + 64

𝑥 =
3 𝑛

2
+

𝑛

2

2

+
𝑚

3

3

−
3

−
𝑛

2
+

𝑛

2

2

+
𝑚

3

3

𝑋 =
3

32 −
3

2

𝑥 =
3

32 −
3

2 − 1
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𝑥 =
3 𝑛

2
+

𝑛

2

2

+
𝑚

3

3

−
3

−
𝑛

2
+

𝑛

2

2

+
𝑚

3

3

𝑥 =
3 27 + 345

36
−

3 −27 + 345

36
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𝑥 =
3 𝑛

2
+

𝑛

2

2

+
𝑚

3

3

−
3

−
𝑛

2
+

𝑛

2

2

+
𝑚

3

3

𝑥 =
1

2

3

3 + 10 −
3

−3 + 10

𝑥3 +
3

4
𝑥 =

3

4
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𝑥 =
1

2

3 1 + 𝑖

2
−

3 −1 + 𝑖

2
=

1

2

𝑖 − 1

2
−

1 + 𝑖

2
= −

2

2



Descartes’ Rule of Signs



Special case of Descartes Rule of Signs

If the number of sign changes in the polynomial, P(x), is 0 or 1 then this (i.e. 0 or 1) 

is the number of positive roots of P(x)=0.

If the number of sign changes in the polynomial, P(-x), is 0 or 1 then this (i.e. 0 or 1) 

is the number of negative roots of P(x)=0.

e.g. 𝑥4 − 3𝑥 − 4 = 0  must have exactly one positive root and one negative root. 

𝑥3 + 3𝑥 − 4 = 0  must have exactly one positive root and no negative roots. 
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  y = m x + c


  y −  y 1 = m  (  x −  x 1 )


    y −  y 1   y 2 −  y 1 =


    x −  x 1   x 2 −  x 1


   x a +  y b = 1


      ln ⁡   (  21 − 𝜃 )  3 . 676 +  t  19 . 98 = 1


    ln ⁡   (  21 − 𝜃 ) = −   3 . 676  19 . 98 t + 3 . 676


   1 2 × 6 × x +  1 2 × 4 × y =  1 2 × 4 × 6


  3 x + 2 y = 12


   x 4 +  y 6 = 1


  2 a b c o s C =  a 2 +  b 2 −    c 2                                                         2 a b s i n C = 4 ∆


     (  2 a b ) 2 =    (   a 2 +  b 2 −  c 2 ) 2 + 16  ∆ 2


   (    2 a b + a 2 +  b 2 −  c 2 )  (  2 a b −  (   a 2 +  b 2 −  c 2 ) ) = 16  ∆ 2


   (     (  a + b ) 2 −  c 2 )  (   c 2 −    (  a − b ) 2 ) = 16  ∆ 2


   (  a + b + c )  (  a + b − c )  (  c + a − b )  (  c − a + b ) = 16  ∆ 2


   (  2 s )  (  2 s − 2 c )  (  2 s − 2 b )  (  2 s − 2 a ) = 16  ∆ 2


   ∆ 2 = s  (  s − c )  (  s − b )  (  s − a )


  ∆ =   s  (  s − c )  (  s − b )  (  s − a )


  =   10  (  10 − 9 )  (  10 − 7 )  (  10 − 4 ) = 6  5


   x 2 − 4 c x + 2  c 3 = 0


  16  c 2 = 8  c 3


  c = 0 … !


  c = 2 :                (  x − 4 ) 2 = 0  ⇒  


  8  c 2  (  c − 2 ) = 0


  y = c


   x 2 +  (  c − 1 ) x +  c 2 − 1 = 0


     (  c − 1 ) 2 = 4  (   c 2 − 1 )


  c − 1 = 4  (  c + 1 )  ⇒  


  c = 1


  x = 0 :      (  0 , 1 )


     (  x −  4 3 ) 2 = 0 :                  (   4 3 , −  5 3 )


  y = c


  c =   1 −  x 2     (  1 +  x 2 ) 2


    c  (   x 2 ) 2 +  (  2 c + 1 )  x 2 +  (  c − 1 ) = 0


     (  2 c + 1 ) 2 = 4 c  (  c − 1 )


  4 c + 1 = − 4 c


  c = −  1 8


  y = c


  c =    x 2 + 10  2 x + 5


   x 2 − 2 c x + 10 − 5 c = 0


    4 c 2 = 4  (  10 − 5 c )


   c 2 + 5 c − 10 = 0


  c =   − 5 ±   65 2


  y = c


     (  x − 2 ) 3 =  x 3 − 6  x 2 + 12 x − 8


    6  (  x − 2 ) 2 = 6  x 2 − 24 x + 24


     (  x − 2 ) 3 + 6    (  x − 2 ) 2 =  x 3 − 12 x + 16


    y =  x 3 =  (  x − 2 ) 3 + 6    (  x − 2 ) 2 + 12 x − 16


     (  x − 4 ) 2 +    (  y + 1 ) 2 =   13 2


   x 2 − 8 x +  y 2 + 2 y = 152


     (  x − 9 ) 2 + 10 x − 81 +    (  y − 11 ) 2 + 24 y − 121 = 152


     (  x − 9 ) 2 +    (  y − 11 ) 2 + 10 x + 24 y = 354


  t =   tan ⁡   (   x 2 )      ⇒      


    sin ⁡   (   x 2 ) =  t    1 +  t 2 ,            


    cos ⁡   (   x 2 ) =  1    1 +  t 2


    sin ⁡   ( x ) =   2 t  1 +  t 2 ,            


    cos ⁡   ( x ) =   1 −  t 2  1 +  t 2


    3 − 3  t 2 + 8 t + 6 + 6  t 2  3 − 3  t 2 + 8 t − 1 −  t 2 = 4


  19  t 2 − 24 t + 1 = 0


  t = t a n x =   12 ± 5  5  19


  = ∫   1   (    1 −  t 2  1 +  t 2 ) ×  2  1 +  t 2 d t   =


  ∫   2  1 −  t 2 d t


    = ln ⁡   |       (  1 + t ) 2  1 −  t 2 | + c


    = ln ⁡   |    1 +  t 2  1 −  t 2 +   2 t  1 −  t 2 | + c


    = ln ⁡   |    sec ⁡ x +   tan ⁡ x | + c


  = ∫   1  1 + t +  1  1 − t d t


  =   ln ⁡   |  1 + t | −   ln ⁡   |  1 − t | + c


  =   ln ⁡   |    1 + t  1 − t | + c


  =   ln ⁡   |    1 +   tan ⁡   (   x 2 )  1 −   tan ⁡   (   x 2 ) | + c


  ∫   1    cos ⁡ x d x


  =


  ∫   1 t d t


  =   ln ⁡   | t | + c


  =   ln ⁡   |    tan ⁡   (   x 2 ) | + c


    = ln ⁡   |     (  1 +  t 2 ) −  (  1 −  t 2 )  2 t | + c


    = ln ⁡   |    cosec ⁡ x −   cot ⁡ x | + c


  ∫   1    sin ⁡ x d x


  = ∫   1   (    2 t  1 +  t 2 ) ×  2  1 +  t 2 d t


   t 3 ≡  u 3 +


     (  t − u ) 3 + 3 t u  (  t − u )


  ≡  t 3 −  u 3


   x 3       +           m x                 =     n


  m = 3 t u


  n =  t 3 −  u 3


  n =  t 3 −    (   m  3 t ) 3


     (   t 3 ) 2 − n  (   t 3 ) −    (   m 3 ) 3 = 0


   t 3 =   n +    n 2 + 4    (   m 3 ) 3  2   =  n 2 +      (   n 2 ) 2 +    (   m 3 ) 3


   u 3 = −  n 2 +      (   n 2 ) 2 +    (   m 3 ) 3


  x = t − u =    n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3 −   −  n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3


     (  t − u ) 3 +


  3 t u  (  t − u )


   x 3 + 3  x 2 + 15 x − 17 = 0


       (  x + 1 ) 3 = x 3 + 3  x 2 + 3 x + 1


     (  x + 1 ) 3 + 12  (  x + 1 ) − 30 = 0


   X 3 + 12 X = 30


  X =   15 +   225 + 64 3 −   − 15 +   225 + 64 3


  x =    n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3 −   −  n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3


  X =   32 3 −  2 3


  x =   32 3 −  2 3 − 1


  x =    n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3 −   −  n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3


  x =     27 +   345  36 3 −     − 27 +   345  36 3


  x =    n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3 −   −  n 2 +      (   n 2 ) 2 +    (   m 3 ) 3 3


  x =  1 2  (    3 +   10 3 −     − 3 +   10 3 )


   x 3 +  3 4 x =  3 4


  x =  1 2  (      1 + i   2 3 −     − 1 + i   2 3 )


  =  1 2  (    i − 1   2 −   1 + i   2 )


  = −    2 2


   x 4 − 3 x − 4 = 0


   x 3 + 3 x − 4 = 0

